Fractional differentiation has adequate use for investigating real world scenarios related to geological formations associated with elasticity, heterogeneity, viscoelasticity, and the memory effect. Since groundwater systems exist in these geological formations, modelling groundwater recharge as a real world scenario is a challenging task to do because existing recharge estimation methods are governed by linear equations which make use of constant field parameters. This is inadequate because in reality these parameters are a function of both space and time. This study therefore concentrates on modifying the recharge equation governing the EARTH model, by application of the Eton approach. Accordingly, this paper presents a modified equation which is non-linear, and accounts for parameters in a way that it is a function of both space and time. To be more specific, herein, recharge and drainage resistance which are parameters within the equation, became a function of both space and time. Additionally, the study entailed solving the non-linear equation using an iterative method as well as numerical solutions by means of the Crank-Nicolson scheme. The numerical solutions were used alongside the Riemann-Liouville, CaputoFabrizio, and Atangana-Baleanu derivatives, so that account was taken for elasticity, heterogeneity, viscoelasticity, and the memory effect. In essence, this paper presents a more adequate model for recharge estimation.
Introduction
Fractional differentiation has been of interest to modelling real world scenarios associated with the "power law nonlocality, power law long term memory, or fractal properties" [15] . It is a fundamental tool for describing the phenomena of memory [9] , and therefore becomes essential to investigating the behaviour of porous, heterogeneous and viscoelastic material [12, 14, [20] [21] [22] . This means that it is a field of research adequately accounting for real world scenarios which are a function of both space and time. Furthermore, throughout the history fractional differentiation, improvement has been made so that these real world scenarios are modelled in the best way possible. To expand, the Riemann-Liouville derivative models scenarios associated with elasticity and the memory effect. Despite this capability, it has a limitation of yielding insignificant physical terms/initial conditions [1, 11] . These limitations are however not associated with the Caputo derivative, meaning more complexity could be accounted for and thus application was given in simulating anomalous diffusion [8] . Both these aforementioned derivatives are however associated with a singular function, meaning it does not fully describe the effect of memory [1, 5] . Consequently, the Caputo-Fabrizio derivative was developed. It addresses heterogeneity on different scales and avoids singularity, meaning it enhances the memory effect [4, 5] . To add, this derivative is based on the convolution of the first order derivative and the exponential function, as well as is associated with viscoelastic material, thermal media and electromagnetic systems [4] . Application of Caputo-Fabrizio derivative was given in epidemiology [4] and improving the advection dispersion equation [5] . Later, the AtanganaBaleanu derivative was developed [17, 19] . It is based on the Mittag-Le er function which is associated with non-singular and non-local functions, allowing the behaviour of flow in lithological material with viscoelastic effects to be addressed [1, 4] . Application of this derivative is given for a simple non-linear system [6] as well as modelling groundwater migration through an unconfined aquifer [3] . Furthermore, another study presents how this derivative was combined with a concept of variable order derivative to formulate a new and enhanced approach to account for the memory effect in real world scenarios. Application was done with the Poisson equation [2] , whereby the numerical analysis of this study revealed that the approach is good for modelling real world scenarios with memory. Furthermore, the groundwater recharge equation governing the EARTH model has been used in several previous studies [10, 15, 16] . This equation is however non-linear, makes use of constant parameters, and does not account for heterogeneity, viscoelasticity nor the memory effect. With that being said, it is reasonable to infer that the particular equation is not suitable to investigating groundwater recharge in non-homogeneous and non-uniform geological formations, where recharge and recharge controlling factors become functions of both space and time [7, 13] . Ultimately, this justifies a need for modifying the particular groundwater recharge equation, and so therefore the aim of this study is to modify the groundwater recharge equation governing the EARTH model using fraction order differentiation.
Application of the Atangana derivative with memory
In mathematics, a dynamic scheme is a tuple (D, h, B) with D as a manifold that could be either a locally Banach space or Euclidean space, B the domain for time which is a set non-negative real, and h is an evolution rule t → f t the range is of course a diffeomorphism of a manifold to itself. 
Definition of the derivative
If u = 1 the first derivative is recovered (the local derivative), if u = 0, the initial function is recovered. This follows the primary law of derivative.
Properties of the Atangana derivative with memory [2]
Addition:
Multiplication:
Using the definition of Atangana derivative with memory, the following is obtained [2] :
Division:
Lipchitz condition: Let f (t) and g(t) be two functions then
The above shows that the Atangana derivative with memory possesses the Lipchitz condition.
Application to the selected groundwater recharge equation
This section focuses on modifying the selected groundwater recharge equation governing the EARTH model, by incorporating the effect of heterogeneity, variability and uncertainty in the equation. Considering a scenario where the groundwater system is of homogenous and uniform aquifer properties, as well as rainfall recharge, the addition of water to the water table may be estimated using the selected equation. This equation is given by (7) . As indicated, use of this equation has been given in many studies.
where S is specific yield; dh/dt is change in water level over a period of time; R is recharge; h is groundwater level; and DR is drainage resistance which is a site specific parameters. The above equation does not consider the effect of heterogeneity, variability and uncertainties in a groundwater system. To expand, the equation essentially describes a model using constant storativity and drainage resistance with change in hydraulic head to obtain a certain percentage of recharge. However, constant storativity and drainage resistance is only appropriate provided the geological system within which recharge takes place is homogeneous and uniform. Therefore, for inclusion of these properties into the recharge equation, the ordinary derivative in (7) is replaced by the uncertain function equation in (1) . In doing so, the following is obtained:
The groundwater recharge equation in (16) has nonconstant parameters. To expand, the both the contribution of recharge and drainage resistance are now a function of time. Physically, the function R 1 (t) is the recharge percentage at a specific time "t", and DR 1 (t) is the drainage resistance at the time "t". Remark: if the uncertain function u(t) = 1, we recover the classical equation with constant parameters. Essentially, the modified equation is non-linear, and this means it is more appropriate for modelling real world groundwater recharge problems. Furthermore, since the new equation has non-constant parameters, then the equation cannot be solved using the Laplace transform. Therefore, in this case we use the classical method for ordinary differential equations, to obtain:
where g (t) = R 1 (t) and
So the exact solution is given by:
One can select the uncertain function to be the Error function defined as:
The uncertain function must be selected in a way that at t = 0, u (0) = 0 at t = T u(T) = 1.
Nevertheless, if the uncertain function is complicated in a way that DR 1 (t) is not integrable, one can use an iterative or numerical method.
Iterative method for the new model
In this section we solve the non-linear groundwater recharge model using an iterative method. To achieve this, we apply the integral on (16) to obtain:
We consider the following iterative formula:
The above iterative formula can be used to generate the solution to the new model, provided the initial condition is known. Now we present the stability of the used method: Let Γ be a function defined as:
Let h 1 and h 2 be two different functions, then:
So Γ possesses the Lipchitz conditions. Now we define the following iterative formula via Γ:
Under the above conditions, we conclude that (h n ) nϵN is Cauchy sequence in Banach space therefore converge. Thus, one can find a functionh (t) in a way that limn→n hn (t) =h (t).
In this case,
Thush is a fixed point of Γ.
Numerical solution
In the section we present the numerical solution using the Crank-Nicolson scheme.
Rearranging, we obtain:
The above numerical solution can be used to generate the simulation for different functions u(t).
The new non-linear model can further be generalised by replacing the local differential operator with a nonlinear differential operator such as
The above model has the ability to account for elasticity of a geological formation as well as the memory effect.
By replacing
The above model has the ability to account for heterogeneity as well as the memory effect. 
The above model has the ability to account for heterogeneity, memory and viscoelasticity.
These three models will be solved numerically, and to do this, we present the numerical approximation of the three non-local operators.
We firstly present
According to Crank-Nicolson this can be given for n ≥ 1 as:
Where,
Thus replacing n + 1 by n, we obtain:
Thus,
Using the same derivation for
and
Numerical simulation with local differentiation
In this section, theoretical values of storativity, drainage resistance and recharge and some uncertain functions are used to show the effect of the uncertain function. The storativity is to be S = 0.002, the drainage resistance DR = 200 and the recharge. R = 40. In Figure 1 the uncertain function was considered to be u[t] = 1 and in Figure 2 u
Conclusion
This justification for this paper was to present a modified groundwater recharge model, so that the parameters within the model became both a function of space and time, as the existing model is a non-linear model which cannot account for non-constant parameters. By achieving the aim, this paper presented a modified model in which the both recharge and drainage resistance parameters within the equation are a function of time. Moreover, by incorporating the uncertain function using the Eton approach, these two aforementioned parameters obtained a new definition, whereby they could be considered non-constant. In other words, the modified equation accounts for recharge percentage at a specific time and drainage resistance at a specific time. In addition, this paper entailed iterative and numerical solutions to solve the recharge equation. The eventual solutions obtained after applying the Liouville, Caputo-Fabrizio, and AtanganaBaleanu derivatives so that the local differential operator is replaced by non-linear differential operators, presents equations which can be used to model real world groundwater recharge scenarios where there is effect of elasticity, heterogeneity, viscoelasticity, and the memory.
